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RELATING PROPERTIES OF CROSSED PRODUCTS TO THOSE
OF FIXED POINT ALGEBRAS
CORNEL PASNICU AND N. CHRISTOPHER PHILLIPS
Abstract. For a number of properties of C*-algebras, including real rank
zero, stable rank one, pure infiniteness, residual hereditary infiniteness, the
combination of pure infiniteness and the ideal property, the property of be-
ing an AT algebra with real rank zero, and D-stability for a separable unital
strongly selfabsorbing C*-algebra D, we prove the following. Let A be a sepa-
rable C*-algebra, let G be a second countable compact abelian group, and let
α : G → Aut(A) be any action of G on A. Then the fixed point algebra Aα
has the given property if and only if the crossed product C∗(G,A,α) has the
same property.
Let (P ) be a property that a C*-algebra may of may not have, such as real
rank zero, satisfying the Universal Coefficient Theorem, the weak ideal property,
or being D-stable for a separable unital strongly selfabsorbing C*-algebra D. Let
G be a compact abelian group, and let α : G → Aut(A) be an action of G on
a C*-algebra A. (No freeness conditions are assumed on the action.) Suppose
the fixed point algebra Aα has the property (P ). Does it follow that the crossed
product C∗(G,A, α) has (P )? In this paper, assuming separability conditions, we
give positive answers for a number of choices of (P ), including real rank zero,
stable rank one, pure infiniteness, residual hereditary infiniteness, the combination
of pure infiniteness and the ideal property, the property of being an AT algebra
with real rank zero, and D-stability for a separable unital strongly selfabsorbing
C*-algebra D. See Proposition 2.1, Remark 2.2, and Lemma 2.9 for a list of the
properties we consider. For type I C*-algebras, this result (without G being abelian
and without separability) is in Theorem 3.2 of [11].
This situation is easier, and holds for many more properties, than showing that
if A has (P ) then C∗(G,A, α) has (P ).
The reverse direction, showing that if C∗(G,A, α) has (P ) then Aα has (P ), is
easy for the properties we consider: they pass to corners, and Aα is isomorphic to
a corner in C∗(G,A, α), as in [24]. The question above will usually be easy when
Aα is isomorphic to a full corner in C∗(G,A, α), which is expected in the presence
of mild freeness conditions. In general Aα need not be full, but in some sense the
parts of C∗(G,A, α) not in the ideal generated by the image of Aα look like those
that are in this ideal. One may consider the following examples, in which G = Z/2Z
with nontrivial element g0 ∈ G.
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(1) A = C and α : G → Aut(A) is determined by αg0 = idC. Then A
α = C
and C∗(G,A, α) ∼= C⊕ C. The isomorphism of [24] identifies Aα with one
of the summands in C∗(G,A, α). It is not full.
(2) B is the 2∞ UHF algebra and β : G → Aut(B) is determined by βg0 =⊗∞
n=1Ad
((
1 0
0 −1
))
. One can check that Bβ ∼= C∗(G,B, β) ∼= B, and that
the isomorphism of [24] identifies Bβ with a (full) corner in C∗(G,B, β)
given by a projection with trace 1
2
.
The properties we consider share the following characteristics, which allow them
to be treated all at once. They pass to ideals, they pass to stably isomorphic C*-
algebras, and every C*-algebra has a largest ideal with the given property. The key
technical point is that in a crossed product by an abelian group, this largest ideal
must be invariant under the dual action.
In Section 1, we give the definitions and some general theory. In Section 2, we
verify that a number of properties of C*-algebras fit in our framework. Section 3
contains the main result, relating the fixed point algebra to the crossed product. It
is interesting primarily for properties which are not preserved by crossed products.
For those that are, we relate the largest ideal with a given property in an algebra
to the largest ideal in the crossed product with the same property.
As usual, K denotes the algebra of compact operators on a separable infinite
dimensional Hilbert space. All ideals in C*-algebras are assumed to be two sided
and closed.
1. Largest ideals
In this section, we define various conditions which may hold for a property of
C*-algebras. Most are known or obvious, and are included for completeness. The
new one is admitting largest ideals (Definition 1.1(4)). We then give several results
showing that other conditions imply that a property admits largest ideals. We need
several of these conditions later. At the end of the section, we show that, under
extra hypotheses, largest ideals with a given property behave as expected.
Definition 1.1. Let (P ) be a property that a C*-algebra may of may not have
(such as real rank zero, satisfying the Universal Coefficient Theorem, or the weak
ideal property).
(1) We say that (P ) is isomorphism invariant if whenever A and B are C*-
algebras, A has the property (P ), and B ∼= A, then B has the property (P ).
(2) We say that (P ) is (separably) stable if whenever A and B are (separable)
C*-algebras, A has the property (P ), and K ⊗B ∼= K ⊗A, then B has the
property (P ).
(3) We say that (P ) (separably) passes to ideals if whenever A is a (separable)
C*-algebra with (P ) and I ⊆ A is an ideal, then I has the property (P ).
(4) We say that (P ) (separably) admits largest ideals if for every (separable)
C*-algebra A there is a largest ideal in A which has the property (P ).
More explicitly, a property (P ) admits largest ideals if for every C*-algebra A
there is an ideal I ⊆ A which has (P ), and such that whenever J ⊆ A is an ideal
with (P ), then J ⊆ I.
Notation 1.2. Let (P ) be a property which (separably) admits largest ideals.
For a (separable) C*-algebra A, we denote by IP (A) the largest ideal in A which
has (P ).
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We now give three progressively stronger sets of conditions which imply that a
property admits largest ideals. For some later results (not the main result), we will
need to assume one of these stronger sets of conditions.
Lemma 1.3. Let (P ) be a property of C*-algebras. Assume that:
(1) The zero C*-algebra has (P ).
(2) Whenever A is a C*-algebra and I, J ⊆ A are ideals with (P ), then there
is an ideal L ⊆ A which has (P ) and such that I, J ⊆ L.
(3) Whenever A is a C*-algebra, Λ is a directed set, and (Iλ)λ∈Λ is a family of
ideals in A with (P ) such that Iλ ⊆ Iµ for all λ, µ ∈ Λ with λ ≤ µ, then
there is an ideal L ⊆ A which has (P ) and such that Iλ ⊆ L for all λ ∈ Λ.
Then (P ) admits largest ideals.
Proof. Let A be a C*-algebra and let P be the collection of all ideals in A which
have (P ), ordered by inclusion. Condition (1) implies that P 6= ∅. Condition (3)
implies that every totally ordered subset of P has an upper bound. So Zorn’s
Lemma provides a maximal element M of P . Now let I ∈ P . Then condition (2)
provides an ideal L ∈ P such that M ⊆ L and I ⊆ L. By maximality, L = M , so
I ⊆M . Thus M is the largest element of P . 
Corollary 1.4. Let (P ) be a property of C*-algebras. Assume that:
(1) The zero C*-algebra has (P ).
(2) Whenever A is a C*-algebra and I, J ⊆ A are ideals with (P ), then I + J
has (P ).
(3) Whenever A is a C*-algebra, Λ is a directed set, and (Iλ)λ∈Λ is a family of
ideals in A with (P ) such that Iλ ⊆ Iµ for all λ, µ ∈ Λ with λ ≤ µ, then⋃
λ∈Λ Iλ has (P ).
Then (P ) admits largest ideals.
Proof. The conditions imply those of Lemma 1.3. 
Corollary 1.5. Let (P ) be a property of C*-algebras. Assume that:
(1) The zero C*-algebra has (P ).
(2) Quotients of algebras with (P ) have (P ).
(3) Extensions of algebras with (P ) have (P ).
(4) Whenever A is a C*-algebra, Λ is a directed set, and (Iλ)λ∈Λ is a family of
ideals in A with (P ) such that Iλ ⊆ Iµ for all λ, µ ∈ Λ with λ ≤ µ, then⋃
λ∈Λ Iλ has (P ).
Then (P ) admits largest ideals.
Proof. It suffices to verify condition (2) of Corollary 1.4. So let I, J ⊆ A be ideals
with (P ). Using the short exact sequence
0 −→ I −→ I + J −→ J/(I ∩ J) −→ 0
and hypotheses (2) and (3), it follows that I + J has (P ). 
We need the separable versions of Corollary 1.4 and Corollary 1.5.
Lemma 1.6. Let (P ) be a property of C*-algebras. Assume that:
(1) The zero C*-algebra has (P ).
(2) Whenever A is a separable C*-algebra and I, J ⊆ A are ideals with (P ),
then I + J has (P ).
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(3) Whenever A is a separable C*-algebra and I0 ⊆ I1 ⊆ · · · ⊆ A is a sequence
of ideals with (P ), then
⋃∞
n=0 In has (P ).
Then (P ) separably admits largest ideals.
Proof. Let P be the collection of all ideals in A which have (P ). Choose a countable
dense subset {an : n ∈ Z>0} of
⋃
I∈P I. Inductively construct ideals In ∈ P as
follows. Define I0 = {0}. Given In ∈ P , choose an ideal J ∈ P such that an+1 ∈ J .
Then set In+1 = In + J , which is in P by hypothesis.
We have I0 ⊆ I1 ⊆ · · · ⊆ A, so the ideal I =
⋃∞
n=0 In is in P by hypothesis.
Also L ∈ P implies L ⊆ {an : n ∈ Z>0} ⊆ I. So I is the largest ideal in A which
has (P ). 
Corollary 1.7. Let (P ) be a property of C*-algebras. Assume that:
(1) The zero C*-algebra has (P ).
(2) Quotients of separable algebras with (P ) have (P ).
(3) Extensions of separable algebras with (P ) have (P ).
(4) Whenever A is a separable C*-algebra and I0 ⊆ I1 ⊆ · · · ⊆ A is a sequence
of ideals with (P ), then
⋃∞
n=0 In has (P ).
Then (P ) separably admits largest ideals.
Proof. The proof is the same as that of Corollary 1.5. 
The corollary to the following proposition is the expected behavior of a property
which admits largest ideals. However, we don’t know how to prove it without the
additional hypotheses in the statement, and we suppose that in general it fails.
Proposition 1.8. Let (P ) be a property of C*-algebras which satisfies the con-
ditions of Corollary 1.5. Let A be a C*-algebra and let I ⊆ A be an ideal. Then
IP (A/IP (I)) = IP (A)/IP (I). If (P ) instead satisfies the conditions of Corollary 1.7,
the same conclusion holds provided that A is separable.
Proof. We prove only the first part. The proof of the last statement is the same,
except that we require separability throughout.
The algebra IP (A)/IP (I) is an ideal in A/IP (I). It has (P ) since IP (A) does and
(P ) passes to quotients.
Now let J ⊆ A/IP (I) be an ideal with (P ). We need to show that J ⊆
IP (A)/IP (I). Let L ⊆ A be the inverse image of J under the quotient map. In the
short exact sequence
0 −→ IP (I) −→ L −→ J −→ 0,
IP (I) and J have (P ), so L has (P ) by hypothesis. Therefore L ⊆ IP (A), whence
J ⊆ IP (A)/IP (I). 
Corollary 1.9. Let (P ) be a property of C*-algebras which satisfies the conditions
of Corollary 1.5. Let A be a C*-algebra. Then A/IP (A) has no nonzero ideals
with (P ). If (P ) instead satisfies the conditions of Corollary 1.7, the same conclusion
holds provided that A is separable.
Proof. In Proposition 1.8, take I = A. 
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2. Properties admitting largest ideals
Our main result on crossed products (Theorem 3.2) requires a property (P )
that separably passes to ideals, is separably stable, and separably admits largest
ideals. In this section, we prove that various interesting properties satisfy these
conditions. In Proposition 2.1, we give a list for which separability is not needed,
but we postpone the proof until after some lemmas. The properties for which we
need separability are in Lemma 2.9.
It is tempting to include “being an AI algebra with real rank zero” as one of the
properties, by analogy with Lemma 2.9(2), but this property is equivalent to being
AF by Corollary 3.2.17(i) of [23].
For Proposition 2.1(5), recall that pure infiniteness for nonsimple C*-algebras
is defined in Definition 4.1 of [14], and for Proposition 2.1(6), recall that strong
pure infiniteness is defined in Definition 5.1 of [15]. In connection with Proposition
2.1(14), we recall from Definition 5.1 of [18] that a class C of C*-algebras is upwards
directed if whenever A is a C*-algebra which contains a subalgebra isomorphic to
an algebra in C, then A ∈ C, and from Definition 5.2 of [18] that a C*-algebra A is
residually hereditarily in such a class C if for every ideal I ⊆ A and every nonzero
hereditary subalgebraB ⊆ A/I, we haveB ∈ C. See Remark 2.2 for some properties
which have this form.
Nuclearity and type I, and to a lesser extent AF, are included partly to relate
our methods to known results. In particular, we prove nothing new about nuclear
or type I C*-algebras. Theorem 3.2 of [11] gives a much stronger statement than
our Theorem 3.2 for type I C*-algebras: G is only required to be compact (not
necessarily abelian or second countable), and A need not be separable.
Proposition 2.1. Each of the following properties is stable, passes to ideals, and
admits largest ideals:
(1) Type I.
(2) Nuclearity.
(3) Stable rank one.
(4) Real rank zero.
(5) Pure infiniteness for nonsimple C*-algebras.
(6) Strong pure infiniteness for nonsimple C*-algebras, provided that the zero
C*-algebra is included.
(7) All ideals have torsion K-theory.
(8) All ideals have zero K-theory.
(9) Real rank zero and all ideals have torsion K0-groups.
(10) Real rank zero and all ideals have trivial K0-groups.
(11) Stable rank one and all ideals have torsion K1-groups.
(12) Stable rank one and all ideals have trivial K1-groups.
(13) Topological dimension zero.
(14) Being residually hereditarily in a fixed upwards directed class of C*-algebras.
We list some properties of the form in (14). The proofs are in [18]. A convenient
summary, with explicit references, is given at the end of Section 1 of [19].
Remark 2.2. The following properties are covered by Proposition 2.1(14):
(1) The weak ideal property: in the stabilization of the algebra, every nonzero
quotient of one ideal by another contains a nonzero projection.
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(2) The combination of pure infiniteness for nonsimple C*-algebras and the
ideal property.
(3) Residual hereditary infiniteness: every nonzero hereditary subalgebra in
every quotient contains an infinite element in the sense of Definition 3.2
of [14].
(4) Residual hereditary proper infiniteness: every nonzero hereditary subalge-
bra in every quotient contains a properly infinite element in the sense of
Definition 3.2 of [14].
(5) Residual (SP): every nonzero hereditary subalgebra in every quotient con-
tains a nonzero projection.
Example 2.3. The ideal property admits largest ideals (Proposition 6.2 of [8]) but
is not separably stable (see Example 2.8 of [17]).
Lemma 2.4. Each of the following properties satisfies the conditions of Corol-
lary 1.4:
(1) Stable rank one.
(2) Real rank zero.
(3) All ideals have torsion K-theory.
(4) All ideals have zero K-theory.
(5) Real rank zero and all ideals have torsion K0-groups.
(6) Real rank zero and all ideals have trivial K0-groups.
(7) Stable rank one and all ideals have torsion K1-groups.
(8) Stable rank one and all ideals have trivial K1-groups.
Proof. The zero algebra certainly has all of these properties.
We claim that all of the properties are preserved by arbitrary direct limits. This
is well known (and easy to prove) for stable rank one and real rank zero. For
properties (3), (4), (5), (6), (7), and (8), we use the following facts: ideals in direct
limit algebras are direct limits of ideals in the algebras in the system; K-theory
commutes with direct limits; and direct limits of torsion groups or trivial groups
are torsion groups or trivial groups.
It remains to prove that if A is a C*-algebra and I, J ⊆ A are ideals with one
of these properties, then I + J has the same property. For stable rank one this is
Proposition 2.14(ii) of [6], and for real rank zero it is Proposition 2.14(iii) of [6].
For the other properties, consider the short exact sequence
0 −→ I −→ I + J −→ J/(I ∩ J) −→ 0.
For (5), (6), (7), and (8), we have to consider an arbitrary ideal L ⊆ I + J . One
uses an approximate identity for L to check that L = I ∩ L + J ∩ L. The ideals
I ∩ L and J ∩ L have real rank zero or stable rank one as appropriate, because
these properties pass to ideals, and they have torsion or trivial K0 or K1 groups as
appropriate by hypothesis. In the real rank zero cases, we now appeal to Lemma 2.4
of [6]. Since I ∩L has real rank zero, it says that K0(I ∩L)⊕K0(J ∩L)→ K0(L)
is surjective. So if K0(I ∩ L) and K0(J ∩ L) are both torsion, or both trivial, so is
K0(L). In the stable rank one cases, we appeal instead to Lemma 5.2 of [5], which
similarly gives surjectivity of K1(I ∩ L) ⊕ K1(J ∩ L) → K1(L), and argue in the
same way.
Parts (3) and (4) are similar to the argument of the previous paragraph, but
simpler. Let L ⊆ I+J be an ideal, and observe as above that L = (I∩L)+(J ∩L).
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The six term exact sequence in K-theory for the extension
0 −→ I ∩ J ∩ L −→ J ∩ L −→ (J ∩ L)/(I ∩ J ∩ L) −→ 0
shows that K∗
(
(J ∩ L)/(I ∩ J ∩ L)
)
is torsion (assuming (3)) or is trivial (assum-
ing (4)). Then the six term exact sequence in K-theory for the extension
0 −→ I ∩ L −→ (I ∩ L) + (J ∩ L) −→ (J ∩ L)/(I ∩ J ∩ L) −→ 0
shows thatK∗
(
(I∩L)+(J∩L)
)
is torsion (assuming (3)) or is trivial (assuming (4)).

Lemma 2.5. Each of the following properties satisfies the conditions of Corol-
lary 1.5:
(1) Nuclearity.
(2) Pure infiniteness for nonsimple C*-algebras.
(3) Strong pure infiniteness for nonsimple C*-algebras, provided that the zero
C*-algebra is included.
(4) Topological dimension zero.
(5) Being residually hereditarily in an upwards directed class of C*-algebras.
For separable C*-algebras, topological dimension zero is known to be of the
form residually hereditarily in C for an upwards directed class C of C*-algebras.
See Theorem 2.10 of [19]. This is probably true in general, but we don’t need to
know this to prove that it satisfies the conditions of Corollary 1.5.
Corollary 2.6. Let (P ) be any of the properties in Lemma 2.5. Then every C*-
algebra A has a largest ideal IP (A) with (P ), and A/IP (A) has no nonzero ideals
with (P ).
Proof. Combine Lemma 2.5, Corollary 1.5, and Corollary 1.9. 
Proof of Lemma 2.5. All the conditions are well known for nuclearity, so we only
consider the other four properties.
The zero C*-algebra is purely infinite by convention; see the discussion after
Definition 4.1 of [14]. It is included in (3) by definition. It is trivial that the zero
C*-algebra has both the other two properties.
The class of purely infinite C*-algebras is closed under quotients and extensions
by Theorem 4.19 of [14], and closed under arbitrary direct limits by Proposition 4.18
of [14]. The class of strongly purely infinite C*-algebras is closed under quotients
by Proposition 5.11(i) of [15], under extensions by Theorem 1.3 of [13], and under
arbitrary direct limits by Proposition 5.11(iv) of [15]. Moreover, the validity of
none of these results is affected by adding the zero C*-algebra to the class.
For the rest of (4), use Proposition 2.6 of [7] to see that topological dimension
zero passes to extensions and quotients, and use Lemma 2.6 of [19] and Lemma 3.6
of [17] to see that it passes to closures of increasing unions of ideals.
For the rest of (5), use instead Proposition 5.8 of [18] for extensions and quotients,
and use Proposition 5.9(2) of [18] for closures of increasing unions of ideals. 
Proof of Proposition 2.1. Stability is well known for type I and nuclearity. For
stable rank one, it is Theorem 3.6 of [21], and for real rank zero it is Corollary 3.3
and Corollary 2.8 of [4]. For pure infiniteness it is Theorem 4.23 of [14], and for
strong pure infiniteness it is Proposition 5.11(iii) of [15]. For conditions (7), (8),
(9), (10), (11), and (12), use what has been already observed, the fact that stable
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isomorphism of algebras gives stable isomorphism of their ideals, and fact that
stable isomorphism preserves K-theory. Stable isomorphism preserves topological
dimension zero because it preserves the primitive ideal space. Stable isomorphism
preserves the condition residually hereditarily in C by Proposition 5.12(2) of [18].
Passage to ideals is also well known for type I and nuclearity. For stable rank
one, it is Theorem 4.4 of [21], and for real rank zero it is Corollary 2.8 of [4].
Given this, it is built into the definition for (7), (8), (9), (10), (11), and (12).
Passage to ideals preserves pure infiniteness by Theorem 4.19 of [14] and strong
pure infiniteness by Proposition 5.11(ii) of [15]. It preserves topological dimension
zero by Proposition 2.6 of [7], and preserves the condition residually hereditarily
in C by Proposition 5.8 of [18].
Finally, we prove that the properties admit largest ideals. For type I this is
well known. For nuclearity, pure infiniteness, strong pure infiniteness, topologi-
cal dimension zero, and residually hereditarily in an upwards directed class, use
Lemma 2.5 and Corollary 1.5. For all the other properties, use Lemma 2.4 and
Corollary 1.4. 
It was already known that stable rank one admits largest ideals, by Proposi-
tion 4.2 of [22], since this result implies that the ideal K described there is the
largest ideal with stable rank one. It was also known that real rank zero admits
largest ideals, by Theorem 2.3 of [6], or by the remark at the end of the proof of
Proposition 2.5 of [6]. In both cases, these results give explicit descriptions of the
largest ideal. However, the line of reasoning used here is needed to deal with the
conditions involving real and stable rank with K-theory restrictions.
Lemma 2.7. Each of the following properties satisfies the conditions of Corol-
lary 1.7:
(1) All ideals satisfy the Universal Coefficient Theorem.
(2) D-stability for a separable unital strongly selfabsorbing C*-algebra D.
Corollary 2.8. Let (P ) be any of the properties in Lemma 2.7. Then every
separable C*-algebra A has a largest ideal IP (A) with (P ), and A/IP (A) has no
nonzero ideals with (P ).
Proof. Combine Lemma 2.7, Corollary 1.7, and Corollary 1.9. 
Proof of Lemma 2.7. We first consider the property that all ideals satisfy the Uni-
versal Coefficient Theorem. This is trivial for the zero C*-algebra. It is known that
countable direct limits preserve the Universal Coefficient Theorem, and that ideals
in direct limit algebras are direct limits of ideals in the algebras in the system. So
condition (4) in Corollary 1.7 holds.
For the other two parts, first recall that if we have a short exact sequence of
separable C*-algebras in which two out of three of the algebras satisfy the Universal
Coefficient Theorem, then so does the third. Now let A be a separable C*-algebra
all of whose ideals satisfy the Universal Coefficient Theorem, let I ⊆ A be an ideal,
and let L ⊆ A/I be an ideal. Let J be the inverse image of L in A. Then I and J
satisfy the Universal Coefficient Theorem, so L ∼= J/I does too. Next, let A be a
separable C*-algebra, let I ⊆ A be an ideal, suppose all ideals of I and A/I satisfy
the Universal Coefficient Theorem, and let J ⊆ A be an ideal. Let L be the image
of J in A/I. Then J ∩ I is an ideal in I and L is an ideal in A/I, so both satisfy
CROSSED PRODUCTS AND FIXED POINT ALGEBRAS 9
the Universal Coefficient Theorem. Since J/(J ∩ I) ∼= L, the ideal J also satisfies
the Universal Coefficient Theorem.
Now let D be a separable unital strongly selfabsorbing C*-algebra, and consider
D-stability. The zero C*-algebra is trivially D-stable. The C*-algebra D is auto-
matically K1-injective by Remark 3.3 of [26]. We apply results of [25]; note the
blanket assumption on D at the beginning of Section 3 of [25], which applies in
both Section 3 and Section 4 there and includes K1-injectivity. The class of sep-
arable D-absorbing C*-algebras is closed under quotients by Corollary 3.3 of [25],
under extensions by Theorem 4.3 of [25], and under direct limits indexed by Z>0
by Corollary 3.4 of [25]. 
Lemma 2.9. Each of the following properties is separably stable, separably passes
to ideals, and separably admits largest ideals:
(1) Being AF.
(2) Being an AT algebra with real rank zero.
(3) All ideals satisfy the Universal Coefficient Theorem.
(4) D-stability for a separable unital strongly selfabsorbing C*-algebra D.
Proof. Stability is well known for the AF property. For AT algebras with real rank
zero, it is clear that if A is one then so is K ⊗ A, while the reverse implication
follows from Proposition 3 of [16]. Separable stability for the Universal Coefficient
Theorem is well known, and for the property we are considering one adds the
fact that stable isomorphism of algebras implies stable isomorphism of their ideals.
Separable stability for the property of being D-absorbing follows from Corollary 3.2
of [25], noting the blanket assumption at the beginning of Section 3 there and using
Remark 3.3 of [26] to see that the K1-injectivity hypothesis is automatic.
It is well known that ideals in AF algebras are AF. Ideals in AT algebras with
real rank zero are AT algebras with real rank zero by Proposition 3 of [16]. For
the property that all ideals in a separable C*-algebra satisfy the Universal Coeffi-
cient Theorem, passage to ideals is built into the definition. For D-absorbing, use
Corollary 3.3 of [25], with the same remarks as in the previous paragraph.
The properties of having all ideals satisfy the Universal Coefficient Theorem and
being D-absorbing separably admit largest ideals by Lemma 2.7 and Corollary 1.7.
To prove that the other two properties separably admit largest ideals, we use
Lemma 1.6. The zero algebra has all the properties. We next consider the sum
I + J of ideals I and J in a C*-algebra which have one of these properties. We use
the exact sequence
(2.1) 0 −→ I −→ I + J −→ J/(I ∩ J) −→ 0.
In the AF case, J/(I ∩ J) is a quotient of an AF algebra and hence AF. So I + J
is AF because extensions of AF algebras are AF ([3]). In the AT and real rank
zero case, we know that I and J have real rank zero (by assumption) and stable
rank one (true for all AT algebras). So I + J has real rank zero by Proposition
2.14(iii) of [6] and stable rank one by Proposition 2.14(ii) of [6]. Also, J/(I ∩ J)
is an AT algebra with real rank zero, because AT passes to quotients (Proposition
2(ii) of [16]) and and real rank zero does too (Theorem 3.14 of [4]). So Theorem 5
of [16] implies that I + J is an AT algebra with real rank zero.
It is well known that direct limits of sequences of AF algebras are AF. For AT
algebras, this is Proposition 2(i) of [16], and for real rank zero it is Proposition 3.1
of [4]. 
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3. Largest ideals, fixed point algebras, and crossed products
The main results of this paper are Theorem 3.2 and its corollary, Corollary 3.3,
which state that for properties of the types we are considering, the fixed point
algebra under a second countable compact abelian group action has the property
if and only if the crossed product does. Restricting to finite abelian groups, this
result is interesting primarily when crossed products do not preserve the property
in question, so nothing better can be expected. In cases in which such crossed
products do preserve the property, or it is at least expected that they do, we can
say something else of interest. See Theorem 3.5, where we show that in this case
C∗(G, IP (A), α) = IP (C
∗(G,A, α)) and IP (A) = IP (C
∗(G,A, α)) ∩ A.
Lemma 3.1. Let (P ) be a property of C*-algebras that is isomorphism invariant
and (separably) admits largest ideals. Let A be a (separable) C*-algebra, let G be a
group, and let α : G→ Aut(A) be an action of G on A. Then IP (A) is α-invariant.
Proof. Let g ∈ G. Then αg(IP (A)) has (P ), so αg(IP (A)) ⊆ IP (A) by definition.

Theorem 3.2. Let (P ) be a property of C*-algebras that separably passes to ideals,
is separably stable, and separably admits largest ideals. Let A be a separable C*-
algebra, letG be a second countable compact abelian group, and let α : G→ Aut(A)
be an action of G on A. Then Aα has (P ) if and only if C∗(G,A, α) has (P ).
The proof is inspired by the proof of Theorem 3.2 of [11].
Proof of Theorem 3.2. We may assume that A 6= 0.
We identify C(G,A) with multiplication given by convolution with a dense sub-
algebra of C∗(G,A, α) in the usual way. We assume that Haar measure on G has
been normalized to have total mass 1. Define ϕ : Aα → C∗(G,A, α) by sending
a ∈ Aα to the constant function with value a in C(G,A) ⊂ C∗(G,A, α). Apply the
result of [24] to see that ϕ is an isomorphism from Aα to a corner B of C∗(G,A, α).
Let J ⊆ C∗(G,A, α) be the ideal generated by B. Since C∗(G,A, α) is separable,
it follows from Theorem 2.8 of [2] that J is stably isomorphic to Aα.
Assume first that C∗(G,A, α) has (P ). Then J has (P ) since (P ) separably
passes to ideals. So Aα has (P ), since Aα is stably isomorphic to J .
Now assume that Aα has (P ). Set I = IP (C
∗(G,A, α)). We want to show
that I = C∗(G,A, α). The ideal J has (P ) by stability, so J ⊆ I. Lemma 3.1
implies that I is invariant under the dual action α̂. So it is enough to show that if
L ⊆ C∗(G,A, α) is an α̂-invariant ideal which contains J then L = C∗(G,A, α).
Theorem 3.4 of [10] provides aG-invariant ideal T ⊆ A such that L = C∗(G, T, α).
If T 6= A, then, using Lemma 3.1 of [11], find x ∈ Aα such that x /∈ T , so that
ϕ(x) /∈ C∗(G, T, α) = L. But ϕ(x) ∈ B ⊆ J ⊆ L by definition. This contradiction
shows that T = A, so L = C∗(G,A, α). 
We don’t know whether Theorem 3.2 holds for compact nonabelian groups. To
use the same method of proof, one would need a version of Lemma 3.1 for coac-
tions. For the property type I, this has been done in Section 2 of [11], and yields
Theorem 3.2 there.
Corollary 3.3. Let (P ) be any of the properties in Proposition 2.1, Remark 2.2, or
Lemma 2.9. Let A be a separable C*-algebra, let G be a second countable compact
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abelian group, and let α : G → Aut(A) be an action of G on A. Then Aα has (P )
if and only if C∗(G,A, α) has (P ).
Proof. Combine Theorem 3.2 with, as appropriate, Proposition 2.1, Proposition
2.1(14) and Remark 2.2, or Lemma 2.9. 
Corollary 3.3 is not new for some of these properties, at least for finite abelian
groups G. Indeed, for type I, nuclearity, the weak ideal property, topological di-
mension zero (when A is separable), and, when G is a finite abelian 2-group, for all
of the properties in Remark 2.2, much more is already known. Specifically, for an
action α : G→ Aut(A), the following are equivalent:
(1) Aα has (P ).
(2) A has (P ).
(3) C∗(G,A, α) has (P ).
For type I and nuclearity, this is well known. For the weak ideal property, (1)
implies (2) by Theorem 8.9 in [18], (2) implies (3) by Corollary 8.10 of [18], and
(3) implies (1) because the weak ideal property passes to hereditary subalgebras
(use Proposition 5.10 of [18]) and Aα is a hereditary subalgebra of C∗(G,A, α)
(by [24]). For topological dimension zero, assuming A is separable, the chain of
implications is the same, but now uses, in the same order as above, Theorem 3.6
of [19], Theorem 3.17 of [17], Lemma 3.3 of [17], and [24]. When G is a finite
abelian 2-group, all the properties under consideration have the form “residually
hereditarily in an upwards directed class of C*-algebras”, and we use the same
reasoning, now applying, in order, Theorem 3.2(ii) of [19], Corollary 3.3(ii) of [19],
Proposition 5.10(2) of [18], and [24]. We expect the restriction to 2-groups to be
unnecessary.
As often, the ideal property does not fit. Takai duality and Example 2.7 of [17]
combine to give an example in which (2) and (3) above hold, but (1) fails.
For many of the other properties in Proposition 2.1, the stronger result is def-
initely known to fail. See the main result (in Section 5) of [1] for AF, Example 9
of [9] for real rank zero, Example 8.2.1 of [1] for stable rank one, and Theorem 4.8
of [12] for all ideals have zero K-theory, all ideals have torsion K-theory, and the
combination of real rank zero and all ideals have zero or torsion K0-groups. The
example for real rank zero involves an AF algebra, in particular, an AT algebra, so
shows that the stronger result fails for the condition of being an AT algebra with
real rank zero.
The stronger result fails for stability under tensoring with the strongly selfabsorb-
ing C*-algebra
⊗∞
n=1M3, by Example 4.11 of [20]. It follows from the discussion
there that the stronger result in fact fails for stability under tensoring with any
UHF algebra of infinite type except possibly
⊗∞
n=1M2. Tensoring everything with
O∞ (with the trivial action of the group where an action is needed), one checks that
the stronger result fails for D-stability whenever D is the tensor product of O∞ and
a UHF algebra of infinite type except possibly
⊗∞
n=1M2. Presumably it also fails
for
⊗∞
n=1M2 and O∞ ⊗
⊗∞
n=1M2. The already cited Theorem 4.8 of [12] shows
that the stronger result fails for O2-stability. We don’t know about Z-stability or
O∞-stability.
It is an apparently difficult open problem whether pure infiniteness and strong
pure infiniteness are preserved by crossed products by finite groups, even for the
special case Z/2Z.
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For properties which are preserved by crossed products, we can relate the largest
ideal in the algebra with the given property to the largest ideal in the crossed
product with the same property. We require that the group be discrete, so that
condition (3) in the next theorem makes sense. This is no great loss, since very few
properties are preserved by arbitrary crossed products by a fixed compact group
which is not discrete. The proof works without finiteness of the group, so we
state the theorem in that generality, but also very few properties are preserved by
arbitrary crossed products by a fixed infinite discrete group. When the group is
finite and the property is stable, we do better: Theorem 3.5 shows that we get
equality in parts (2) and (3).
Theorem 3.4. Let (P ) be a property of C*-algebras that is isomorphism invariant
and admits largest ideals. Let G be a discrete abelian group. Then the following
are equivalent:
(1) Whenever A is a C*-algebra with (P ) and α : G→ Aut(A) is any action of
G on A, then C∗(G,A, α) also has (P ).
(2) Whenever A is a C*-algebra and α : G→ Aut(A) is any action of G on A,
then C∗(G, IP (A), α) ⊆ IP (C
∗(G,A, α)).
(3) Whenever A is a C*-algebra and α : G→ Aut(A) is any action of G on A,
then IP (A) ⊆ IP (C
∗(G,A, α)) ∩ A.
Condition (2) makes sense, since Lemma 3.1 implies that IP (A) is α-invariant.
Proof of Theorem 3.4. Assume (1); we prove (2). Let A be a C*-algebra, and let
α : G→ Aut(A) be an action of G on A. Since IP (A) has (P ), the hypothesis implies
that the ideal C∗(G, IP (A), α) of C
∗(G,A, α) has (P ). So C∗(G, IP (A), α) ⊆
IP (C
∗(G,A, α)) by definition.
Now assume (2); we prove (3). Let A be a C*-algebra, and let α : G → Aut(A)
be an action of G on A. Using (2) at the second step, we get
IP (A) ⊆ C
∗(G, IP (A), α) ∩ A ⊆ IP (C
∗(G,A, α)) ∩ A,
as desired.
Finally, we prove that (3) implies (1). So assume (3), let A be a C*-algebra
with (P ), and let α : G → Aut(A) be an action of G on A. Since A = IP (A),
from (3) we get
(3.1) A ⊆ IP (C
∗(G,A, α)).
Also, IP (C
∗(G,A, α)) is invariant under the dual action by Lemma 3.1, so Theo-
rem 3.4 of [10] provides an α-invariant ideal J ⊆ A such that
IP (C
∗(G,A, α)) = C∗(G, J, α).
Combining this with (3.1) gives J = A. So IP (C
∗(G,A, α)) = C∗(G,A, α), that is,
C∗(G,A, α) has (P ). 
Theorem 3.5. Let (P ) be a property of C*-algebras that is stable and admits
largest ideals. Let G be a finite abelian group. Then the conditions of Theorem 3.4
are also equivalent to the following:
(4) Whenever A is a C*-algebra and α : G→ Aut(A) is any action of G on A,
then C∗(G, IP (A), α) = IP (C
∗(G,A, α)).
(5) Whenever A is a C*-algebra and α : G→ Aut(A) is any action of G on A,
then IP (A) = IP (C
∗(G,A, α)) ∩ A.
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Proof. It is enough to prove that the conditions in Theorem 3.4 together imply the
conditions here. So let A be a C*-algebra, and let α : G→ Aut(A) be an action of
G on A. Then IP (C
∗(G,A, α)) is invariant under the dual action by Lemma 3.1,
so Theorem 3.4 of [10] provides an α-invariant ideal J ⊆ A such that
(3.2) IP (C
∗(G,A, α)) = C∗(G, J, α).
In this equation, take crossed products by the dual action α̂ : Ĝ→ Aut
(
C∗(G,A, α)
)
.
Since Ĝ ∼= G and we are assuming Theorem 3.4(1), the left hand side of the result
is an algebra with (P ). Set n = card(G); then the right hand side is Mn(J) by
Takai duality. So Mn(J) has (P ). Therefore J has (P ) by stability. So J ⊆ IP (A).
Take crossed products by G, use Theorem 3.4(2) at the second step, and use (3.2)
at the third step, getting
C∗(G, J, α) ⊆ C∗(G, IP (A), α) ⊆ IP (C
∗(G,A, α)) = C∗(G, J, α).
So C∗(G, IP (A), α) = IP (C
∗(G,A, α)), which is (4). It also follows that J = IP (A).
Using this at the third step and (3.2) at the first step, we get
IP (C
∗(G,A, α)) ∩ A = C∗(G, J, α) ∩ A = J = IP (A).
This is (5). 
Corollary 3.6.
(1) Let (P ) be the weak ideal property or topological dimension zero. Let G
be a finite abelian group. For every action α : G → Aut(A) of G on a
C*-algebra A, we have
IP (A) = IP (C
∗(G,A, α)) ∩ A.
(2) Let (P ) be any of the properties in Remark 2.2. Let G be a finite abelian
2-group. For every action α : G→ Aut(A) of G on a C*-algebra A, we have
IP (A) = IP (C
∗(G,A, α)) ∩ A.
Proof. We apply Theorem 3.5. The properties involved are stable and admit largest
ideals by parts (13) and (14) of Proposition 2.1 and Remark 2.2. It remains only to
check that they are preserved by the appropriate crossed products. In part (1), for
topological dimension zero use Theorem 3.17 of [17] and for the weak ideal property
use Corollary 8.10 of [18]. In part (2), by Remark 2.2 all the properties have the
form “residually hereditarily in an upwards directed class of C*-algebras”, so we
can apply Corollary 3.3 of [19]. 
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